'Generalized del Junco-Rudolph's map', a sub-family of generalized Chacon's map ([3]), is introduced. A skew product related to the structure of the Generalized del Junco-Rudolph's map is introduced. A Relative Prime Relation, h k+1 ≡ 1 mod q is verified, based on the proposition of iterations of this skew product. We say a measure-preserving transformation T is totally rank one if T n , n ∈ N is rank one. In this paper, we show that of every Generalized del Junco-Rudolph's map is totally rank one.
Since Boltzmann introduced the term of 'Ergodic' in his work on statistical mechanics, the ergodic theory has been studied and developed actively regarding modelized physical systems with dynamic nature. From ergodicity, mixing properties, isomorphism of systems, to simplicity, and many other properties, we seriously desire concrete examples to better understand and study these properties with related classifications. The cutting-and-stacking method provides effective measure theoretical approximations of transformations, and at the same time, it provides a fruitful generating machine for typical examples and counter examples corresponding to symbolic shifting maps. Extending from the original construction by R.V. Chacon ([2] ), A.A. Prikhod'ko and V.V. Ryzhikov (Construction 7 in [9] ) further described how to construct a transformation on [0, 1] using the cutting-and-stacking method. This kind of constructional approach may help us understand not only the symbolic representing of a dynamic system but also its powers. G.R. Goodson ([5] ) studied the condition for an ergodic automorphism T to be conjugate to its composition square T 2 . What's more del Junco ([7] ) showed that the property of being conjugate to its square, is a non-generic property of automorphisms. Thus therefore, it is not trivial at all to study the powers of ergodic automorphisms.
We say a finite measure-preserving system (X, β, T, µ) is rank one if a series of Rokhlin tower with base subset F approximates any partition P of X. Rank one system can be defined in multiple literatures ( [3] ). Rank one implies simple spectrum ( [1] , [4] ), rigidity implies singular spectrum ( [4] ). The cutting and stacking structure also gives us a way to study a rank one system by the symbolic methods( [2] , [6] ,etc.) All these make it interesting to learn whether a transformation is rank one. Veech [10] showed that, measure theoretically, almost all interval exchange transformations are rank one. A famous rank one transformation, the Chacon's map coded as B k+1 = B k B k 1B k , and its extension are also studied. In this chapter we will study the family of generalized del Junco-Rudolph's maps, and extend the rank one property of this family of maps ( [6] ), to their powers of natural numbers. We admit the notion of totally rank one for this property (Definition 3.1), and make the main conclusion as Theorem 3.3.
Generalized Del Junco-Rudolph's maps
In [6] , an example described by symbolic recursion is given. We extend this map, notated by Del Junco-Rudolph's map here, to a family of symbolic maps-generalized Del Junco-Rudolph's maps. It is a sub-family of the family of generalized Chacon's map [3] We will describe the construction and some observations of the generalized Del Junco-Rudolph's maps in this section.
The recursion formula determines the language of the system, thus also the phase space of the system, which is a subset of Z product space of the set of alphabet 0, 1. That is:
is a consecutive sequence of some B k , k ∈ N. Let T be the left-shifting transformation on X, so T is a two-sided shift map. Topologically,we have the following conclusion:
except for the two given copies of B n , there is no other consecutive sequence of letters which is identically
Proof. This is true based on the coding construction of the system.
Measure theoretically a T -invariant measure of X may be determined by the measure of each cylinder, which is the asymptotic density of the cylinder name in the language of the symbolic structure. Del Junco Rudolpfh's approximation would be introduced for this purpose, which asures the coincidence of the measure defined and the asymptotic density by the the uniform ergodic theorem.
Remark. We say A is a cylinder set with name
This inequality is true because the only difference is taking place at the higher spacer (the spacer between two B k ).
Next the measure µ is introduced based on the notion of d k (β):
If A is a cylinder set with name β, we define
and extend this countably additive measure to a shift invariant Borel measure µ on (X, B, T ), where B is the σ-algebra generated by the set of all the cylinder sets.
Lemma 1.5. µ is the unique invariant measure of (X, B, T ) up to a multiple.
Proof. Each point x ∈ X is a generic point of (X, µ, B, T ).
The measure of S k is bounded by:
Proof. Occurrences of S k on the orbit of any x ∈ X on the orbit of any x ∈ X are separated by at most h k+1 and at least
Remark. The above statement is labeled as a proposition, since it is crucial for the future evaluation.
The rigidity of (X, B, µ, T ) is easily seen by looking at T h k (C)∆C for any cylinder C, typically just consider B n,k
The notion of coding distance provides us another way to understand the rigidity of (X, B, µ, T ) and to evaluate the approximate speed of the power of T tending to indentity along the sequence {h k }.
Therefore, it is obvious that:
This derives the following proposition:
Relative Prime Relation
In this section, we set up the number theoretical relation of any positive integer with the height of the k-stack h k . The result is more general than what is needed in section 3.
The sequence of integer h k is also described by induction:
The notation n(m), n, m ∈ N is used for the integer k such that k ≡ n mod m, and 0 ≤ k < m.
Let Z q = Z/qZ and Z * q = {c + qZ (c, q) = 1} , ( (m, n) is the notation for the largest common divisor of m and n ). Thus Z q is a finite commutative ring, and Z * q ⊂ Z q is the multiplicative group of multiply invertible elements of Z q .
, which is also understood as a skew product of the rotation on Z * q . That is:
It is well understood that (bx, xy
Proof. Without loss of generality, suppose b ∈ Z * q , b ≥ 2. Since Z * q × Z q is a finite set, T is just a permutation with finite order.
Lemma 2.2. For any k ∈ N, we have
Proof. It is easy to see that
Therefore the lemma is proved by induction.
Proof. By Lemma 2.2, T sn (1, 0) = (1, 0). Therefore we have
Now we can reach the following conclusion based on of Lemma 2.3:
and the sequence h k defined by 2.1. Then for any q ∈ N, there exist infinitely many k ∈ N such that h k+1 ≡ 1 mod q Proof. Suppose b is divided by q, it is done. So we only need to investigate the case of 1
On the other hand for k large enough, d divides b k+1 thus
A family of totally rank one maps
Now we revisit the generalized Del Junco-Rudolph's map (X, B, µ, T ). In this section q is a given integer greater than 1, acting as the power index of the map.
Since the heights of the stack structure satisfies h k+1 = b k+1 h k + 1, Proposition 2.4 shows that for infinitely many n, h n ≡ 1( mod q) for infinitely many n. We use the notion N q to denote the set of those integers, that is N q = {k|k ∈ N, h k ≡ 1 mod q}.
Definition 3.1 (Totally Rank One). We say a finite measure-preserving system (X, β, T, µ) is totally rank one, if all positive integer powers of T are rank one.
Lemma 3.2.
Let the sequence h k be defined by 2.1, for any n ∈ N p , and i = j, 0 ≤ i, j < h n , we have:
Proof. Since h n is relatively prime with q. Now suppose B * N to be the base set in the N th stack column. Then B * N is corresponding to the cylinder set C N with name B N (the N -block in the recursive formula).
We know that
and µ(
By Proposition 1.6 we have µ( 
It is easy to see that
By 3.1 we know that
, therefore, we have the following 3 claims:
(III) we see that (I) and (II), together with 3.3, imply µ(
is the union of all the levels in the N th stack, so X − C N is the remainder of the spacer set taken away the set of spacers used in the first N steps during the cutting and stacking process. Thus
Remark. Equation 3.6 shows that the measure of ( 
